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The first estimation of the energy cascade rate |C | of magnetosheath turbulence is obtained
using the CLUSTER and THEMIS spacecraft data and an exact law of compressible isothermal
magnetohydrodynamics turbulence. |C | is found to be of the order of 10−13J.m−3.s−1, at least two
orders of magnitude larger than its value in the solar wind (order of 10−16J.m−3.s−1 in the fast
wind). Two types of turbulence are evidenced and shown to be dominated either by incompressible
Alfve´nic or compressible magnetosonic-like fluctuations. Density fluctuations are shown to amplify
the cascade rate and its spatial anisotropy in comparison with incompressible Alfve´nic turbulence.
Furthermore, for compressible magnetosonic fluctuations, large cascade rates are found to lie mostly
near the linear kinetic instability of the mirror mode. New empirical power-laws relating |C | to the
turbulent Mach number and to the internal energy are evidenced. These new finding have potential
applications in distant astrophysical plasmas that are not accessible to in situ measurements.
Turbulence is a ubiquitous non-linear phenomenon in
hydrodynamic and plasmas flows that transfers dynam-
ically energy between different scales. In astrophysical
plasmas, turbulence is thought to play a major role in
various processes such as accretion disks, star forma-
tion, acceleration of cosmic rays, solar corona and solar
wind heating, and energy transport in planetary magne-
tospheres [1–4]. Thanks to the availability of in situ mea-
surements recorded on board various orbiting spacecraft,
the solar wind and the Earth’s magnetosheath (i.e., the
region of the solar wind downstream of the bow shock)
provide a unique laboratory for the observational studies
of plasma turbulence. An important feature of magne-
tosheath turbulence is the high level of density fluctua-
tions in it, which can reach ∼ 50%− 100% [5–8] in com-
parison with ∼ 5%− 20% in the solar wind [9, 10]. This
makes the magnetosheath a key region of the near-Earth
space where significant progress can be made in under-
standing compressible plasma turbulence, which is poorly
understood although it is thought to be important in var-
ious astrophysical plasmas, such as supernovae remnants
or the interstellar medium (ISM) [11–15].
In the solar wind the magnetohydrodynamics (MHD)
approximation has been successfully used to study turbu-
lence cascade at scales larger than the ion inertial length
(or Larmor radius) [16, 17]. As in neutral fluid turbu-
lence, an inertial range of MHD turbulence is generally
evidenced by the observation of a power spectral den-
sity (PSD) exhibiting a power-law over a wide range of
scales. This power-law is a manifestation of a turbulent
cascade of energy from large scales, where the energy is
injected, to the smaller ones where the energy is dissi-
pated. The energy transfer over scales is assumed to oc-
cur at a constant rate, which is equal to the rate at which
energy is injected and dissipated into the system. This
quantity carries therefore a major importance in model-
ing the processes of particle acceleration and heating in
plasmas since it provides an estimation of the amount of
energy that is eventually handed to the plasma particles
at the dissipation scales [18]. Within the incompressible
MHD turbulence theory, the energy cascade rate can be
estimated using the so-called third-order law relating the
longitudinal structure functions of the magnetic and the
velocity fields, to the spatial scale l [19] (PP98 hereafter).
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2The PP98 model has been used to estimate the cascade
rate in the solar wind from the ACE and ULYSSES space-
craft data [20–26]. Those estimations were used to bet-
ter understand the long-standing problem of the non-
adiabatic heating of the solar wind observed at different
heliospheric distances (∼ 0.3−100 Astronomical Unit) by
the Helios [27, 28], Pioneer and Voyager spacecraft [29–
31]. To date no such estimation of the cascade rate exists
for magnetosheath turbulence. The main reason for that
being the complex nature of magnetosheath turbulence
and the importance of density fluctuations in it, which re-
quires going beyond the PP98 model to include compress-
ibility. Recently, an exact law of compressible isothermal
MHD turbulence has been derived [32] (hereafter BG13).
It has been successfully used to improve our understand-
ing of the role of density fluctuations in heating the fast
and slow solar wind by showing in particular that, even if
they are weak and represent only ∼ 5%−20% of the total
fluctuations, they nevertheless can enhance significantly
the turbulence cascade rate [10, 33].
In the present Letter, we provide the first estimate of
the energy cascade rate of compressible MHD turbulence
in the Earth’s magnetosheath using the BG13 and in situ
wave and plasma data. We investigate furthermore how
density fluctuations amplify the energy cascade rate and
how they affect its spatial anisotropy. The role of den-
sity fluctuations is highlighted by comparing the results
obtained from the compressible BG13 and the incom-
pressible PP98 exact laws. Under the assumptions of
time stationarity, space homogeneity and isotropic tur-
bulence, the PP98 exact law is given by
− 4
3
εI` =
〈
(δz+)
2
2
δz−` +
(δz−)2
2
δz+`
〉
ρ0 , (1)
and the BG13 model is given by
−4
3
εC` =
〈
1
2
[
δ(ρz−) · δz−] δz+` + 12 [δ(ρz+) · δz+] δz−`
〉
+ 〈2δρδeδv`〉
+
〈
2δ
[(
1 +
1
β
)
e+
v2A
2
]
δ(ρ1v`)
〉
(2)
where z± = v ± vA represent the Elsa¨sser variables, v
being the plasma flow velocity, vA ≡ B/√µ0ρ is the
Alfve´n speed, ρ = ρ0 + ρ1 is the local plasma density
(ρ0 = 〈ρ〉 and ρ1 are the mean and fluctuating density),
δz± ≡ z±(x + `) − z±(x) is the spatial increment of z±
at a scale ` in the radial direction, 〈...〉 is the ensem-
ble average, δψ ≡ (ψ(x + `) + ψ(x))/2, e = c2s ln(ρ/ρ0)
is the internal energy, with cs the constant isothermal
sound speed, and β = 2c2s/v
2
A is the local ratio of the
total thermal to magnetic pressure (β = βe + βp). Note
that in the PP98 model, ρ is replaced by ρ0 in the def-
inition of the Alfve´n speed. The reduced form of BG13
used here assumes furthermore the statistical stationar-
ity of the plasma β and the negligible contribution of the
energy source terms w.r.t. flux terms [33]. It is worth
noting that contrary to incompressible MHD theory, the
BG13 compressible model yields an energy cascade rate
that is not related only to third-order moments of the
different fields increments but rather involves more com-
plex combinations of the turbulent fields. In particular
the last term in the RHS of equation 2, is written as a
first order increment multiplied by an averaged quantity
δψ. This term that plays a leading order in the BG13
model [10, 33] is likely to converge faster than the usual
third-order terms when estimated from spacecraft obser-
vations or simulations data.
Results — The data used here were measured by the
CLUSTER and THEMIS B/C spacecraft [34, 35]. Com-
bining the data from the two missions was aimed at in-
creasing the sample size of our study for a better sta-
tistical convergence. The magnetic field measurements
of CLUSTER come from the Flux Gate Magnetome-
ter (FGM) [36], while the ion and electron plasma mo-
ments (density, velocity and temperature) come from the
Cluster Ion Spectrometer (CIS) experiment [37], and the
Plasma Electron and Current Experiment (PEACE) [38],
respectively. A special attention has been paid to the
reliability of the plasma data, in particular the plasma
density measurements, through cross-checks between the
PEACE, CIS and the WHISPER experiments [39] on
board Cluster (we selected only intervals when the in-
struments were consistent with each other). For Themis
spacecraft, the magnetic field data and the plasma mo-
ments are measured respectively by the FGM [40] and the
ElectroStatic Analyzer (ESA) [41]. In selecting our sam-
ples, we eliminated time intervals that contained signifi-
cant disturbances or velocity shears and considered only
time intervals that have a relatively stationary plasma β
(as discussed above) [10].
A large statistical survey of PSD of δB in the magne-
tosheath using the Cluster data showed that only a small
fraction (17%) had a scaling close to the Kolmogorov
spectrum f−5/3 at the MHD scales, and were dominated
either by incompressible Alfve´nic or compressible magne-
tosonic fluctuations [42]. Those data sets correspond to a
state of fully developed turbulence that is reached away
from the bow shock toward the magnetosheath flanks.
The remaining cases were found to have shallower spec-
tra close to f−1 and were distributed essentially near the
bow shock toward the nose of the magnetopause. ha-
did et al. [43] showed that the f−1 spectra were popu-
lated by uncorrelated fluctuations. Here, since we are
interested in estimating the energy cascade rate, we fo-
cus only of the Kolmogorov-like cases that correspond to
a fully developed turbulence where an inertial range can
be evidenced. The final data selection resulted in 47 time
intervals of equal duration 48 mn, which corresponds to
a number of data points N ∼ 240 in each interval with
3Alfvénic-like event
Themis data: 2009-06-06 from 13:43 to 14:28
Magnetosonic-like event
Cluster data: 2002-06-09 from 01:53 to 02:41
Figure 1: (a, e) The magnetic field modulus (black) and fluc-
tuations (blue), (b, f) ion number density (black) and density
fluctuations (blue) and (c, g) total plasma β. (d) and (h)
the corresponding magnetic compressibility. The inset is the
PSD of δB and the corresponding power-law fit in the inertial
range (blue).
a 12 s time resolution (Ntot ∼ 2 × 104). The resulting
samples were divided into two groups depending on the
nature of the dominant turbulent fluctuations: incom-
pressible Alfve´nic-like and compressible magnetosonic-
like ones. This was done using the magnetic compress-
ibility C|| = δB2||/δB
2 (i.e., the ratio between the PSDs
of the parallel to the total magnetic fluctuations; parallel
being along the mean background field B0) [43–46]. Fig-
ure 1 shows two examples of an Alfve´nic-like event char-
acterized by a nearly constant B, a subdominant δB||
and weak density fluctuations, and a compressible case
having large B and density fluctuations and a strong δB||.
For each of these groups we computed the absolute
values of the cascade rates |C | and |I | from the com-
pressible BG13 and the incompressible model PP98, re-
spectively. To do so, temporal structure functions of the
different turbulent fields involved in equations 2 and 1
were constructed for different values of the time lag τ be-
tween 10s and 1000s in order to probe into the scales of
the inertial range. In this study we considered magnitude
of the cascade rate rather than its signed value (assuming
that the former is statistically representative of the ac-
tual cascade rate). This is because signed cascade rates
require very large statistical samples to converge [10, 26],
which are not available to us for this study. However, by
applying a linear fit on the resulting energy cascade rates,
we considered only the ones that are relatively linear with
τ and showed no sign change at least over one decade of
scales in the inertial range. Two main observations can
be made from the two examples shown in Figure 2: first,
the incompressible cascade rate |I | is larger by a factor
Figure 2: The energy cascade rates computed using BG13
(red) and PP98 (black) for the same (a) Alfve´nic and (b)
magnetosonic-like events of Figure 1.
Figure 3: Histograms of 〈|I |〉 (red) and 〈|C |〉 (blue) com-
puted using the exact laws of PP98 and BG13 for the (a)
Alfve´nic and (b) magnetosonic-like events.
∼ 100 in the magnetosonic case compared to the Alfve´nic
one, which can be explained by the large amplitude δB in
the former [10]. Second, density fluctuations in the mag-
netosonic case amplify |C | by a factor ∼ 7 w.r.t. |I |.
The results of analysis of all the samples are summarized
in Figure 3. As one can see in that figure, for the incom-
pressible Alfve´nic cases, the histograms of 〈|C |〉 (blue)
and 〈|I |〉 (red), almost overlap and the mean values for
both is of the order of ∼ 10−14 J.m−3.s−1, whereas for
the compressible magnetosonic events the histogram of
〈|C |〉 (blue) is shifted towards larger values compared to
〈|I |〉 (red). The corresponding mean values are respec-
tively ∼ 6× 10−13 and ∼ 2× 10−13J.m−3.s−1. We note
that those values should be considered with attention,
since most of the samples lie below 〈||〉.
Interestingly, the role of the compressibility in increas-
ing the compressible cascade rate can be evidenced by the
turbulent Mach number Ms =
√
< δv >2 /c2s, where δv
is the fluctuating flow velocity. Figure 4 shows a power
law-like dependence of 〈|C |〉 on Ms as 〈|εC |〉 ∼ M4s,
steeper than the one observed in the solar wind [10]. To
the best of our knowledge there are no theoretical pre-
dictions that relate ε to Ms in compressible turbulence.
4Figure 4: Compressible energy cascade rate as a function
of the turbulent Mach number for the Alfve´nic (a) and
Magnetosonic-like (b) events. The black line represents a least
square fit of the data, α is the slope of the power-law fit. The
error bars represent the standard deviation of |C |.
However, in incompressible flows, dimensional analysis a`
la Kolmogorov yields a scaling that relates εI to the third
power of Ms. The high level of the density fluctuations
in the magnetosheath seems to modify this scaling to the
one we estimated here. Although more analytical and
numerical studies are needed to understand the relation-
ship between |εC | andMs, the scaling law obtained here
may be used as an empirical model for other compressible
media non accessible to in-situ measurements.
A good correlation is also evidenced between the lead-
ing order of compressible internal energy U = ρ0c
2
s ln(1+
ρ1/ρ0) of the turbulent fluctuations and the cascade rate
in the magnetosonic-like events. Figure 5 shows for each
type of turbulent fluctuations the dependence of 〈|C |〉 on
the normalized (to U) kinetic energy EK =
1
2ρ0δv
2 and
magnetic energy EB =
1
2µ0
δB2, where δB and δv are
respectively the fluctuating magnetic and flow velocity
fields. First, one can see that for both types of turbu-
lence, EB/U (blue) dominates over EK/U (red). More-
over, for the magnetosonic-like cases there is a general
trend indicating that high 〈|C |〉 corresponds to increas-
ing compressible internal energy, which becomes compa-
rable (or slightly larger) than the kinetic and magnetic
energies at the highest values of 〈|C |〉. This trend is
not seen on the Alfve´nic cases indicating the prominent
role of the internal energy in controlling the cascade rate.
This last result contrasts significantly with the finding in
the solar wind [10].
To study the anisotropic nature of the cascade rate for
the different types of the MHD fluctuations, we exam-
ine the dependence of the estimated cascade rates on the
mean angle ΘVB between the local magnetic and flow
vectors. This approach has been already used in simi-
lar studies of solar wind turbulence [10, 47, 48]. Here
we consider only the events that have a relatively uni-
form ΘVB to guarantee that the spacecraft is sampling
EB/U
EK/U
EB/U
EK/U
Figure 5: Normalized mean compressible magnetic (blue) and
kinetic (red) binned energies to the internal energy as a func-
tion of the binned compressible energy cascade rate for the
Alfve´nic (a) and magnetosonic (b) events.
Figure 6: Compressible and incompressible energy cascade
rates 〈|C |〉 and 〈|I |〉 as a function of the mean angle ΘVB and
the total energy (colored bar) for the Alfve´nic (a) and magne-
tosonic (b) events. The blue line is the ratio R = 〈|C |〉/〈|I |〉.
nearly the same direction of space for each time inter-
val (using the Taylor frozen-in flow assumption). As one
can see in Figure 6, for both models the cascade rate is
lower in the parallel direction than in the perpendicular
one. The same trend is observed for the total energy,
except that for the magnetosonic events the highest cas-
cade rate and total energy are observed at oblique angles
ΘVB ∼ 50◦ − 60◦ (see discussion below). The second
important observation is that the density fluctuations
seem to reinforce the anisotropy of the cascade rate w.r.t.
the Alfve´nic turbulence: The ratio R = 〈|C |〉/〈|I |〉 (in
blue) is close to 1 for the Alfve´nic cases, but increases
to ∼ 3 for the magnetosonic ones at quasi-perpendicular
angles. Numerical simulations of compressible MHD tur-
bulence showed that fast magnetosonic turbulence is spa-
tially isotropic while slow mode turbulence is anisotropic
and has a spectrum k⊥−5/3 similarly to Alfve´nic turbu-
lence [13]. This first observation that density fluctuations
enhance the anisotropy of the cascade rate suggests that
a slow-like (or mirror) mode turbulence dominates the
compressible fluctuations analyzed here [43, 49]. This re-
sult agrees with the analysis of the stability conditions
of the plasma derived from the linear Maxwell-Vlasov
theory. Figure 7(a) shows that a large fraction of the
Alfve´nic-like cases that have the lowest values of the cas-
cade rate correspond to a marginally stable plasma with
T⊥/T‖ ∼ 1. This contrasts with the results from the mag-
5Figure 7: Compressible energy cascade rate 〈|C |〉 averaged
into bins of proton temperature anisotropy (T⊥/T‖) vs β‖
for (a) the Alfve´nic and (b) magnetosonic-like events. The
dashed lines correspond to the mirror, the AIC, and firehose
linear instabilities thresholds.
netosonic turbulence (Figure 7(b)) showing that most of
the events have strong temperature anisotropy and lie
near the mirror instability threshold, where the energy
cascade rate is the highest. Considering that the maxi-
mum growth rate of the linear mirror instability occurs
at oblique angles ΘkB (approximated here by the angle
ΘVB) [50], the peak of the cascade rate and the total
energy observed for ΘVB ∼ 50◦ − 60◦ in Fig. 6 may be
explained by energy injection into the background turbu-
lent plasma through the mirror instability, which seems
to enhance the dissipation rate. A similar relationship
between incompressible cascade rate and kinetic plasma
instabilities was found in the solar wind [51], however,
deeper understanding of the connection between these
two features of plasma turbulence requires further theo-
retical investigation [52]. Although the Taylor hypothesis
(implicitly used in this work to interpret time lags τ as
spatial increments) cannot generally be tested in single
spacecraft data, the dominance of anisotropic slow (or
mirror) like modes and the intrinsic anisotropic nature
of the Alfve´nic turbulence are arguments in favor of the
validity of the Taylor hypothesis [53]. Indeed, k-filtering
results (not shown here) obtained from four samples of
Cluster data intervals to which the technique could be
applied, support this conclusion (see, e.g., [49]).
Conclusions — The energy cascade rate in MHD tur-
bulence in a the compressible magnetosheath plasma was
found to be at least two orders of magnitude higher
than in the (nearly) incompressible solar wind. Em-
pirical laws relating the cascade rate to the turbulent
Mach number were obtained. Density fluctuations were
shown to amplify magnitude and the spatial anisotropy
of the cascade rate in comparison with incompressible
Alfve´nic turbulence. This result and the analysis of the
plasma stability conditions in the plane (T⊥/T‖, β‖) in-
dicate that the density fluctuations are carried by mir-
ror (slow magnetosonic-like) mode driven by proton tem-
perature anisotropy. These new fundamental features of
compressible turbulence may have potential applications
in the magnetostheath (e.g, turbulence-driven reconnec-
tion at the magnetopause [54, 55]) and in distant astro-
physical plasmas. For instance, recently Zank et al. [15]
showed the importance of the compressible magnetosonic
modes in forming the turbulent energy cascade in the Lo-
cal ISM, the Heliosheath (also a bounded region, by the
termination shock and the Heliopause) using in-situ Voy-
ager 1 data, results similar to the ones reported here.
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